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Abstract 

We prove that every algebraic curve X/Q is birational over C to a Teichmiiller curve. 
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1 Introduction 

Write for the moduli space of genus g Riemann surfaces with n (unordered) punctures. A Teichmiiller 

curve is a holomorphic curve f: V —>■ such that / generically one-to-one and is a local isometry of 

Kobayashi metrics. These special immersed curves in [„] have garnered interest for some time (especially 
in the unpunctured case n = 0) and are central objects in both Teichmiiller and Grothendieck-Teichmiiller 
theory. Additionally, these curves and the Riemann surfaces they parameterize have ties to the dynamics 
of polygonal billiards (see for instance liT2l . |[T5l . HT], and f2\\). McMuUen proved fTS] that every Te- 
ichmiiller curve has a model as an algebraic curve over Q (see also flSl and f2l\). The main purpose of this 
article is to prove the converse. 

Theorem 1.1. IfX/Q is an algebraic curve, then there exists a Teichmiiller curve V birational to Xq. 

In fact, this Teichmiiller curve can be drawn from the rather special class of Teichmiiller curves parameter- 
izing origami or square-tiled surfaces — see ri2l . |[T5l . ll20il . and 1,22,1 for more on these surfaces and their 
relationship to billiard dynamics. 

We emphasize that the main ideas in the proof of Theorem 11.11 are drawn from the work of Asada fl], 
Thurston |fT9l . and especially Diaz-Donagi-Harbater 18], whose title we have borrowed in order to empha- 
size the similarity. Part of our motivation is to cast the relevant arguments of (T\ and which are written 
in the language of algebraic geometry and field extensions, in topological terms. As this paper was being 
completed, we encountered the very recent article of Bux-Ershov-Rapinchunk lH, which gives a new proof 
of Asada's theorem in extremely exphcit group-theoretic language; the reader will note that the diagram of 
Riemann surfaces and fundamental groups used in our proof also appears in §6 of |5]. 

*Partially supported by NSF-CAREER Grant DMS-0448750 and a Sloan research fellowship. 
^ Partially supported by an NSF postdoctoral fellowship. 
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One could also refine Theorem ll.ll by asking which algebraic curves over number fields are holomorphically 
isomorphic (not merely birational) to Teichmiiller curves. The answer is not "every curve" - for example, 
according to Masur |T6l (see also Veech [24]) Teichmiiller curves cannot be compact, and so a proper 
algebraic curve over a number field can never be isomorphic to a Teichmiiller curve. But the question of 
which affine algebraic curves are isomorphic over C to Teichmiiller curves is a long-standing open problem. 

Theorem 11.11 arises as a corollary of the purely group-theoretic Theorem 11.21 which is in some sense the 
"real theorem" of the present paper. In order to state this result, we require some additional notation. 
Throughout, tt^,, will denote the fundamental group for the genus g surface 5^,, with n punctures, and 
Mod{Sg,n), PMod(5'g,„) will denote the associated mapping class group and pure mapping class group of 5^ „. 
The pure mapping class group PMod(5g„) admits an outer action on tt^ „, preserving each of the n conjugacy 
classes corresponding to the n punctures of 5g „. In fact, by the Dehn-Nielsen theorem, PMod(5g „) is an 
index two subgroup of the group of outer automorphisms of 7lg,„ preserving these conjugacy classes. 

For a finite index subgroup A of ttij, we denote the tti i -conjugacy class of A by [A]. The mapping class 
group Mod(5i j) acts on the conjugacy classes of finite index subgroups of Tii i, and the stabilizer of [A] in 
Mod(5i,i) via the outer action is called a Veech group f23 \ Theorem 1]. When F is a Veech subgroup of 
Mod(5i 1 ) = SL(2, Z), the corresponding quotient H^/F of the upper half plane has a natural description as 
a Teichmiiller curve in ^g^[n] parameterizing origami or square-tiled surfaces — among Teichmiiller curves, 
these are precisely the arithmetic curves. (See [20, §2].) Teichmiiller curves corresponding to non-square- 
tiled surfaces are substantially more difficult to construct and describe; see the recent work of Bouw-MoUer 
||6l, for instance, for a construction of Teichmuller curves corresponding to non-arithmetic triangle groups. 

By Belyi's theorem, every curve X/Q is birational over C to an etale cover of complex projective space 
minus three points \ {0, 1,°°}, or, equivalently, to H^/F where F is a finite index subgroup of the level 
two congruence subgroup F(2) containing the center {±1}. Thus, to prove Theorem ll.il it suffices to prove 
the following congruence subgroup property for Mod(5'i.i). 

Theorem 1.2. Every finite index subgroup A o/F(2) containing {±1} is a Veech group. 

The classification problem for Veech groups goes back at least to Thurston (see the Kirby problem list for 
more on the history of this problem; see also problem 4 of the survey by Hubert, Masur, Schmidt, and 
Zorich [13]). Theorem 11.21 can be seen as progress on this problem. The special case of subgroups of 
SL(2,Z) is raised in the introduction of Schmithusen's thesis ll23l . Theorem 1 1.1 1 also strengthens a theorem 
of Moller ll20l Theorem 5.4], which shows that Gal(Q/Q) acts faithfully on the set of isomorphism classes 
of Teichmuller curves. A recent paper of Hubert-Lelievre [ 14] provides a close study of Veech subgroups 
of SL2(Z) corresponding to Teichmiiller curves in ^2', they show that among these Veech groups are some 
which are non-congruence. 

One might ask whether every algebraic curve X/Q is birational to a Teichmiiller curve in as opposed 
to -#g,[„]. This statement does not quite follow from what we prove in the present paper. We construct 
a Teichmiiller curve C ^ -^^.[n] for some g,n, with C birational to Xc. A priori, the composition C ^ 
■^g,[n] ~^ -^g might not be generically one-to-one, in which case the image of C in not C itself, would 
be a Teichmiiller curve in ^g. This kind of behavior can indeed occur for general origami curves — see the 
example after Definition 2.4 in ll20l . It would be interesting to see whether such problems can be avoided in 
the present case, given the freedom in our construction of C. 
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Theorem 1 1.21 is also related to the congruence subgroup problem for mapping class groups. There is some 
variation among authors in the definition of congruence subgroups of mapping class groups. We will use 
Veech group for the class of subgroups of Mod(5i.i) described here, and reserve principal congruence 
subgroup for the class of subgroups A of Mod(5i i) arising as kernels of induced maps 

P(^: Mod(5i,i) — ^ Out(7ri,i/<I>), 

where <I> is a finite index, characteristic subgroup of tti j. In the most common terminology, a congruence 
subgroup is a subgroup of Mod (^i i ) containing a principal congruence subgroup. We see that a Veech group 
is a congruence subgroup by taking O to be the intersection of all subgroups of Tii j of index [tti j : <I>a], 
where 

StabMod(5.,)([*^*A]) =A. 

Thus, Theorem 1 1.2 1 can be thought of as a refinement of the congruence subgroup property for Mod(5'i^i), a 
theorem first established by Asada d (see also fill). 



Acknowledgements The authors thank Matthew Bainbridge, Benson Farb, David Harbater, Chris Judge, 
Chris Leininger, Pierre Lochak, Larsen Louder, Howie Masur, Curt McMuUen, Martin MoUer, and Gabriella 
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Notation For the readers' convenience, we establish some notation that will be used throughout the re- 
mainder of this article. In a group G, the subgroup generated by the elements {gi,. ■ ■ ,gn} will be denoted 
by (gi , . . . ,gn)- The G-conjugacy class of g will by denoted by [g]G', we will sometimes suppress the deco- 
ration G and write simply [g] . The normal closure of a subgroup HofG will be denoted by H. The subgroup 
generated by a pair of subgroups H\,H2 will be denoted by H\ ■ H2. We denote the normalizer of // in G by 
Ng{H). The G-conjugacy class of a subgroup H, comprised of subgroups H' that are G-conjugate to H, 
will be denoted by [H]g; as with conjugacy classes of elements, we will occasionally write simply [H]. 

For a genus g surface with n punctures 5^,,,, we denote the fundamental group of Sg^,, by tt^ ,,. The mapping 
class group of 5^,,, comprised of orientation preserving diffeomorphisms modulo isotopy will be denoted by 
Mod{Sg,n)- The pure mapping class subgroup comprised of mapping classes fixing each of the punctures 
will be denoted by PMod(5'g,„). 



2 Proof of Theorem [L2 

Before commencing the proof of Theorem II. 2[ we require some additional setup. To begin, we have a 
homomorphism 719,4 ^ ^^0,3 given by forgetting a puncture on S0 4. We denote the distinguished conjugacy 
class given by the simple closed curve about the forgotten puncture by [z];i(,4. The normal closure (z) of (z) 
is the kernel of this homomorphism. 

We have a regular 2-fold covering 

Fo- Si ^4. — > 50,4 

associated with the homomorphism of 7ro,4 to Z/2Z given by sending each puncture class to 1. The kernel 
of this homomorphism is the image (fo)*(^i,4) and is the subgroup of all words in 710,4 in the free generating 
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set {x,y,z} of even word length. In particular, (^0)^(711,4) is a characteristic subgroup with free generating 
set {x^,y^,z^,xy,xz}. When no confusion is likely, we refer to (^0)^(711,4) simply as tti 4. We denote the 
conjugacy class of in 711,4 by [cc]jn 4. 

We also have a 4-fold regular covering 

^1 : '^1,4 — > 

associated with the (Z/2Z)-homology homomorphism of ttij to //i(Si,i,Z/2Z). The kernel of this ho- 
momorphism is the image (7^1)^,(711 4) and is characteristic. If {a,b} is a free generating set for 7ri j, the 
subgroup (^1)^(711,4) has free generating set {a^ ,{abY ,{ba)^ ,[a,b]Y Again, we identify (-Fi)*(7ri,4) 
with 711,4. In total, this pair of covers yields the diagram: 

TTlJ 7ro,4 (1) 




The groups PMod(5'o.4) and Mod(5'i j) are nearly isomorphic as abstract groups; PMod(5'o,4) is the quotient 
of Mod(5'i,i) by the center Z(Mod(5'i j)) of Mod(5'i j), a group of order 2. In fact, this abstract relationship 
can be realized geometrically by considering the action of both groups on 711,4, as we now explain. The 
material below is well-understood by the experts, but we include it here as it will play a prominent role. 

We first construct a homomorphism from r(2) to Mod(5i,4). Let r(2) be the principal congruence subgroup 
of level two in SL(2,Z); it is well known that SL(2,Z) and Mod(5i,i) are isomorphic (see [llj). This 
provides us with an outer action of r(2) on 7ri .i. For an outer automorphism 6 representing an automorphism 
6 of 711,1, we may restrict 6 to the characteristic subgroup 711,4, thus obtaining an automorphism 6 of 7ri 4. 
The resulting outer automorphism of 7ri 4 is not determined by 6 as there is an ambiguity given by the 
outer action of 711,1/711,4 on 7ri 4. The action of 711,1/711,4 by permutations of the four conjugacy classes of 
punctures in 711,4 is via the Klein four-group V4 in ^4. Consequently, the action of an outer automorphism 
in Mod(5'i,i) on these four classes can be thought of as an element of Sym(4), well-defined up to the Klein 
four-group V4. The resulting homomorphism Mod(5'i,i) to Sym(3) is easily seen to be equivalent to the 
homomorphism induced by reduction modulo 2. In particular, when 6 is an outer automorphism of 7ri,i 
lying in r(2), there is a unique outer automorphism of 711,4 arising by restriction of 6 that preserves the four 
puncture classes (i.e., lies in PMod(5'i,4)). We have thus constructed a homomorphism r(2) to PMod(5'i,4). 

The "point push" map induces an isomorphism (see for instance lITTl Theorem 4.5]) 

Push: 710,3 — >PMod(So,4). 

Let 6 be an element of 710,3, thought of as an element of Out(7ro,4) via Push. As above, every automorphism 
6 representing 6 restricts to an outer automorphism of 711,4. This outer automorphism class of in Out(7ri,4) 
is well-defined up to the outer action of 710,4/711,4. The latter is a subgroup of Out(7ri 4) of order 2, whose 
nontrivial element we denote by T. For future reference, F denotes the subgroup of Out(7ri,4) obtained by 
restricting automorphisms representing elements of 710,3. Since T is central in F, this supplies us with an 
isomorphism 710,3 to F/ (t). In addition, note that F is contained in PMod(Si,4), i.e. F preserves the four 
puncture classes. 

In fact, the two outer actions we have constructed are identical. 
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Lemma 2.1. The image o/r(2) — > PMod(5i,4) lies in F, and there is a surjection r(2) 710,3 with kernel 
{±1} such that the diagram 

r(2) ^ m (2) 

r >r/(T) 

commutes. 

Proof. Let H be the quotient of //i(5i,4,Z) by the subgroup generated by the homology classes of the 
punctures, Autz(//) the associated automorphism group of H, and P Autz(//) the projective automorphism 
group of H. Note that T acts as — 1 on the rank 2 free abeUan group H, and the action of F on // induces a 
homomorphism 

^,3 PMod(5o,4) = ^ r/ (t) ^ PAutz(i/) . 

If we fix a basis of the free generators of 7113,3 act as the matrices 



"12' 




"10" 


1 




2 1 



which are free generators for the level two congruence subgroup Pr(2) of PSL2(Z). Thus, the homo- 
morphism 710,3 PAutz(//) induces an isomorphism between 710,3 and PAutz(^)(2), the latter being the 
subgroup consisting of automorphisms acting trivially on H/2H. 

The group Mod(5i,i) also acts on H via its map to PMod(5i,4), and once again one sees directly that the 
resulting homomorphism r(2) — > Autz(/?)(2) is an isomorphism. 

We are now reduced to establishing the following claim. 

Claim. The image of r{2) in PMod(5i,4) lies in P. 

This claim implies the lemma since in that case the map 

r(2) ^r^PAutz(//)(2) 

provides the desired identification of Pr(2) with 710,3. 

Proof of Claim. To prove the claim, we embed the groups 7ro,4, 7ri,i, and 7ri,4 in a common Fuchsian group. 
To this end, let 7ro,i;23 be the group generated by {s, t, u, v} and subject to the four relations 

stuv = t^ = u^ = v^ = \. 

The group 7ro,i;23 is the orbifold fundamental group of the surface 5o,i with 3 order two cone points. Define 
the homomorphism 

<P: ^,i;23 ^ (Z/2Z)3 

by 

<p(^) = (1,0,0), 9(0 = (1,1,0), <p(m) = 9(1,0,1), <p(v) = (1,1,1). 
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It is a simple matter to check that 9 is a homomorphism and that the diagram (dJ can be recovered by means 
of the identifications 

7ri,4=ker<p, ttij = (p"i(0,Z/2Z,Z/2Z), 710,4 = <P"Hz/2Z,0,0). 

The action of tIq by conjugation on its normal subgroup tti 1 yields an injection of tTq into Aut(7ri 1), 
whose image in Out(7ri 1) is the center {±1}. This assertion can be seen via the following computation, 
where equality is up to conjugation in tti 1 = {tv,uv) is denoted by =^1 

s^^ {tv)s = tuv{tv)vut = tu{vt)ut =c vt 
s^^{uv)s = tuv{uv)vut = tu{vu)ut =c vu 
t{tv)t = vt, t{uv)t =c ut{tuvt)tu = vu 

u{tv)u =c tu{utvu)ut = vt , u{uv)u=vu 

v{tv)v = vt, v{uv)u = vu. 

In particular, 7ro,i;23 embeds as a normal subgroup of Aut(7ri j ), which yields a homomorphism of Aut(7ri 1 ) 
to Aut(7roi.23) induced by conjugation. This embedding shows that every automorphism 6 in Aut(7ri,i) 
extends to an automorphism 6 in Aut(7ro i-23)- Since the restriction of 6 to 711,4 factors through Aut(7ro,4), 
the associated outer automorphism class 6 of 6 resides in P. Hence, the image of r(2) in PMod(5'i,4) lies 
in r, as claimed. □ 

Having validated the claim, the proof the lemma is complete. □ 

We briefly explain how Lemma [2?T] can be expressed in the language of moduli spaces (better, moduli stacks) 
of algebraic curves. Write for the moduli space of data (C,Pi,P2,^3j A)> where C is a smooth complex 
genus 1 curve and the P, are distinct points on C such that Pj — Pj is a 2-torsion divisor on the Jacobian 
of C. There is a natural isomorphism from ^ to X{2), the moduli stack of elliptic curves with level two 
structure, which sends {C,Pi,P2,P3,P4) to the elliptic curve {C,Pi) with P2 — Pi and P^ — Pi as a basis of 
2-torsion. On the other hand, given {C,P\,P2,P?,,Pa) there is a unique nontrivial involution i of C fixing all 
the Pj, which affords a morphism 

0: C — >C/l 

whose target is a genus curve. This morphism induces a morphism ^ -#0,4 defined by 

(C,Pi,P2,P3,P4) ^ (0(C),0(Pi),0(P2),0(P3),0(P4)). 

This map is an isomorphism on coarse moduli spaces, but the target is generically a scheme, while ^ has 
a generic inertia group of Z/2Z. The (analytic) fundamental group of >^o,4 is precisely PMod(5o,4) = 7ro,3- 
Thus, the diagram 

7ri(X(2))J=^7ri(^) — > 711(^0,4) 

can be written as 

r(2)J^7ri(^) > 7lo_3. 

The group F appearing in the proof of Lemma IZT] is just 7ri(^), and the inclusion of F in PMod(5'i,4) is 
induced by the inclusion of ^ as the hyperelliptic locus in .^1,4. 
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We now continue with the prerequisites for the proof of Theorem [O] 

Let A be a finite index subgroup of r(2) containing {±1}. Via we denote the corresponding subgroup 
of 710,3 by Ao, and let A be the pullback of Aq to tti 4. Explicitly, A is given by 

A= (^•Ao)n (Fo). (711,4). 

Note that [(x]^^ ^ lies in A and has a decomposition as a union of A-conjugacy classes, which we write 

k 

7=1 

In the proof of Theorem 11.21 we need a pair of elementary lemmas. In what follows, via Lemma |2?T] we 
identify r(2) with the subgroup F in PMod(5'i.4), so that r(2) acts unambiguously on conjugacy classes of 
elements and subgroups of 711,4. Thus, the notation [A] refers to the conjugacy class [A];i:|^ and not [A]j^^ or 

[A];,,.- 

Lemma 2.2. The action o/r(2) on preserves [A]. 

Proof. By Lemma [ZT] it suffices to prove the same statement for the action of PMod(5o,4). To this end, let 

A=(^-Ao 

be the pullback of Aq to 710,4, & an element of PMod(5'o,4), and 6 a lift of 6 to Aut( 710,4)- We must show 
that 0(A) and A are conjugate in 7ri 4. To begin, since 6 preserves (z), the subgroup 0(A) contains (z). 
In addition, as the projection of 6 to 710,3 is inner, the projection of 0(A) to 710,3 is conjugate to Aq in 
7ro,3. Therefore, the groups 0(A) and A are conjugate by some element j8 in 7ro,4- Since A contains z, the 
homomorphism of 7ro,4 to 710,4/711,4 restricted to A is onto. In particular we may take j8 in 711,4 and thus, 

0(A) = 711,4 n/3-'Aj3 = i3-^A/3 

as desired. □ 

It follows from Lemma [2!2] that the action of r(2) permutes the [oi;]^- In fact, this permutation action is easy 
to describe. 

Lemma 2.3. The action ofT{2) on the [«,]^ is equivalent to the action o/r(2) on the cosets of A. In 
particular, the index of A in T{2) is k, where k is the number of classes [oty]^ contained in ^. 

Proof. Keeping with the notation of Lemma [Z2l let 

F: 5^5o,3 

be the covering space associated to Aq and p a point of 5o,3. The set F^^{p) has order [r(2) : A] and the 
action of 710,3 on F^^{p) is isomorphic to the action of 710,3 on cosets of Ao. Viewing ^0,4 as ^o.a \ {p}, 
the A-conjugacy classes [z,]^ contained in [z]ko4 are identified with F^^{p). As zt lies over the non-trivial 
element of 710,4/711,4, we can identify the [z,]j with the [a;]^. □ 
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In addition to the above elementary facts, we require a result that constructs finite index subgroups of r(2) 
that are self-normalizing and contained in a prescribed finite index subgroup. This problem is analogous to 
controlling isometry groups of finite covers of a closed Riemannian manifold (see fT]). We have included a 
proof of using actions of finite groups on representation varieties, though it seems reasonable to expect that 
there is an easier proof (see the remark following the proof) — the method here can also be used to address 
constructive problems for isometry groups of certain negatively curved, closed Riemannian manifolds, as 
we will explain in a later paper (flO'l). 

Proposition 2.4. Given a finite index subgroup A ofT{2) containing {±1}, there exists a finite index sub- 
group A' o/A containing {±1} such that 

Nr(2)(A')=A'. 

The strategy for proving Proposition I2.4l is as follows. We reduce to the case where A is normal in r(2); then 
the finite quotient group = r(2) /A can be viewed as a subgroup of Out(A). We show that acts faithfully 
on the PSL(2,C)-character variety for A. Using this faithful action, we produce a surjective homomorphism 
of A onto a product of finite simple groups of the form PSL(2,Fp). Using some elementary facts about these 
finite simple groups, the desired A' is given as the pullback of a certain subgroup in this product. 

Proof. Replacing A with its normal core in r(2) if necessary, we may assume A is normal in r(2). After 
this modification, set to be the finite quotient group r(2)/A, which admits an injective homomorphism 
into Out (A). We denote by X the variety parameterizing representations 

p: A — >SL(2,C). 

The variety X is a closed subvariety of (SL(2,C))^, where is the cardinality of a fixed generating set for 
A. In addition, X carries an algebraic Aut(A)-action given by pre-composition. For each element 8 of A, 
the function Xs that sends a representation p to the trace of p(5) is an algebraic function on X, which is 
invariant under the action of subgroup Inn(A) of the inner automorphisms in Aut(A). In particular, if d is 
an element of 0, the function Xe{S) is well-defined. 

The first step is to show that acts faithfully on the associated SL(2,C)-character variety of A. The 
faithfulness of this action is a consequence of [2]. However, we give a simple proof here. To this end, we 
first show that, for each 6 in 0, there exists a 5 such that xl / Xl(sy 

Note that the action of d on H\A,Z) is not trivial; if it were, the subgroup of Pr(2) generated by PA and 
6 would be a free group of the same rank as PA, which is impossible. The action of 6 is also not — 1, 
since it preserves the subgroup of //'(A,Z) pulled back from //^(r(2),Z). Thus, we can and do choose a 
homomorphism 

0: A — >Z 

such that o is neither (j) nor —0. 

Let a be a non-torsion point of the multiplicative torus G„,, and define 

p: A — >Gm®Gm 



by 



p(5)=a'^(^)ea-^(^). 
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It is easy to see that d is in kerp if and only if Xsi'^) — 4- Thus, if 

2 2 

A5 — 

the kernels of p and p o must be equal. In turn, this equality implies that 

=±(0O0). 

However, we have ruled out this equality by our selection of ^. 

For each d in 0, we choose a 5e in A such that Xgg ^e{Sg) distinct. Next, define the closed subvarieties 

Ze = {xeX : ziW = Ze(5e)W} 

and 

Zo= U Ze. 

6e@ 

By our selection of 5q , we see that Zq is a closed subvariety of X of positive codimension. In addition, let 
Zi be the variety parameterizing representations whose images in PSL(2,C) lie in a Borel subgroup, the 
normalizer of a Cartan subgroup, or one of the exceptional finite subgroups of PSL(2,C). Since A admits 
a Zariski dense representation into SL(2,C), the closed subvariety Zi of X also has positive codimension, 
and thus so does the union Zq U Zi . 

Write U for the complement of Zq UZi in X. It follows that U is a quasi -projective variety, and so U (Fp) is 
nonempty for primes p sufficiently large. To see this assertion, note that a quasi-projective variety admits a 
dominant map 

It suffices to have the statement for an irreducible component of a non-empty fiber of this map, which is 
a quasi-projective variety of dimension one less than dim?/. By induction, we are reduced to the case of 
dimension 0, where the statement follows from the Chebotarev Density Theorem. 

With this said, we now choose a sufficiently large prime p such that U (Fp) is non-empty and let x be a point 
of U (Fp). Such a point corresponds to a surjective representation 

p: A^SL(2,Fp). 

For each 6, choose a lift 6 of to Aut(A), and let ^p denote the representation p o of A. Write Pp for 
the composition of p with projection from SL(2,Fp) to the simple group PSL(2,Fp). 

We claim that Pp and ^Pp are not isomorphic. Since p does not lie in Ze(Fp), we know there exists a 5 
such that XsiP) /^e(5)(P)' i*- follows that Pp and ^Pp are not conjugate by an element of PGL(2,Fp). 
However, conjugation by PGL(2,Fp) is the full automorphism group of PSL(2,Fp) Q §12.5], and so we 
conclude that Pp and ^Pp are non-isomorphic. 

We are now ready to define the representation of A that we will use to construct the asserted self-normalizing 
subgroup. To this end, define a homomorphism 

(p = (0 V ) : ( nPSL(2,Fp) ) =: Q. 

\ee® J \ee® ) 
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For notational simplicity, set G = PSL(2,Fp) and B = B(Fp), where B(Fp) is the standard Borel subgroup 
of PSL(2,Fp) comprised of upper triangular matrices. In addition, recall that B is self-normalizing in G, i.e. 
Ng(B) = B. The map cp projects surjectively onto each copy of G, and we have shown that these projections 
are pairwise non-isomorphic representations of A; it follows from a lemma of P. Hall (see [,9j Lemma 3.7]) 
that (p is surjective. Note also that {±1} is contained in ker 9. 

By construction, the kernel of (p is preserved by the action of 0, so acquires a homomorphism to Out(Q); 
in fact, this outer action of on 2 is just permutation of factors. 

For a fixed 6 in 0, define Bg to be the subgroup of 2 to be B on the 0-factor of Q and G otherwise. 
Define Ag to be the puUback by (p of Bg. We now show that Ag is the desired self-normalizing finite index 
subgroup. 

If / is in Nr(2)(^e). we denote the projection of / to by dy and note that /-conjugation on A induces the 
outer automorphism dy. Since 7 is in Nr(2)('^e)> the induced action on Q must fix Bg, which immediately 
implies that dy must be trivial. Consequently, we deduce that 7 resides in A, and thus 

Nr(2)(Ae) =NA(Ae). 

However, since Ng(B) = B, we have 'Nq{Bq) = Bg, and so 

NA(Ae)=Ae 

as needed. □ 

Remark. The proof of Proposition 12.41 is the only part of this paper that is in any way non-elementary. 
There is a more elementary, but less appealing proof of Proposition 12 .4 1 using covering space theory. Sketch: 
it suffices to prove the Proposition with A (2) replaced by TTo.a- The finite sheeted cover of the wedge of two 
circles corresponding to the inclusion Aq C TIq^s is a 4-valent graph. Then one builds a cover of this graph 
that admits no symmetry. 

We are now in position to prove Theorem |1.2| 

Proof of Theorem \L2\ Let A be a finite index subgroup of r(2), which contains {±1}. Our goal is to 
produce a finite index subgroup A of tti j such that 

StabMod{Su)([^]?ri.i) ='^- 

Our strategy will be to produce a family of finite index subgroups Ai,^ of tti 4 parameterized by primes L 
For a co-finite set of primes £, we will show 

StabMod(5i.i)([Ai/];t,.i) =Stabr(2)([Ai,£];r,.4)- (3) 
We will then argue that for sufficiently large i, we also have the equality 

Stabr(2)([Ai/];r,.4) = A. 

The details are as follows. 
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According to Proposition I2.4[ there exists a finite index subgroup A' of A that contains {±1} and is self- 
normalizing in r(2). We denote the associated subgroups of 7ro,3 by Aq and Aq, and the pullback of these 
subgroups to 711.4 by A' and A. Note that, like A, the subgroup A' contains [a];i:i 4- We claim that A' is self- 
normalizing in TTi 4. To verify this claim, observe that if 77 in 711,4 normalizes A', then the projection of rj to 
7ro,3 normalizes Aq. By our selection of A', the subgroup Aq is self-normalizing in 710,3 and so the projection 
of T] must reside in Aq, which in turn implies that rj Ues in A'. 

We denote the conjugacy classes associated to the three punctures on 51,4 distinct from the puncture asso- 
ciated to [cc],ti4 by [j3i];ri4, [i32]7ri4, [i33];ri4- We select pi,p2, and pi, to be three distinct primes larger than 
[r(2) : A]. Using these three primes, we obtain a surjective homomorphism 

3 

ni,A^^H\7ii,4,Z/piZ). 

For each /, set to be the subgroup of (7ri 4,Z/p;Z) generated by {Pj} and 

3 

F = e :^ e S3 < (7ri,4, z/p,z) . 

Finally, set H to be the pullback of H to 7ri 4. If b is an element of a puncture class [pi], then b ^ H but 
bP' € //. It follows that any automorphism of 711,4 preserving [^Itt^ must preserve the four conjugacy 
classes [a] 71:14, [i3i];i:i4i [i82]7ti4> and [j83];i:i4 individually. Thus, the subgroup H is normal in 711.4, but not in 
711 1 ; conjugation by 7ri.i permutes the four puncture classes via the Klein four-group action described above. 
Clearly, [H]j^^ ^ is preserved by the action of the subgroup F of Out (711 .4). 

For each j with I < j <k, set Aj to be the subgroup of (A', Z) spanned by the images of 

[ai]^,...,[ay_i]^,[ay+i]^,...,[ad^ 

in (A', Z). Note that [a,]^ is a union of conjugacy classes in A'. For each prime £, let Aj^i denote the image 
of Aj in (A',Z/^Z), and define Ay ^ to be the intersection of H with the kernel of the homomorphism 

pj,:A'^H\A',Z/£Z)/Ajj. 

We will prove Theorem 1 1.2l by proving that, for sufficiently large primes £, the stabilizer of [Ai 1 is A. To 
establish Q, we first reduce to a problem on [AuJ^t, ^. 

For 6 in Mod(5'i.i), let 6 be an automorphism of 7rij represented by the outer class 6. We can and do 
choose 6 to restrict to an element of Aut( 711.4) preserving the puncture class [a] 7^,4. Suppose furthermore 
that 

d{Ai^e) = T7"^AijT] 

for some rj in 7ri j. We next assume that £ is larger than the index of Aq in 719,3 and distinct from pi,P2, 
and pj. If a is an element of a puncture class in 711.4 such that a ^ Ai^ but € Ai^, then the puncture 
class can only be [a];i:i4- We also have that (T]0(a)T]^')^ is contained in Ai.^, while rid{a)ri^^ itself is not. 
This implies that 776 (a) 77^' lies in the puncture class [o;];i:i4- Since 6 {a) lies in the same puncture class, 



Every curve is a Teichmiiller curve 



12 



we conclude that 77 preserves the puncture class [a] 7^4, which implies that rj is in 711,4. Thus, we need only 
concern ourselves with the tti 4-conjugacy class of Ai 

We next complete the reduction to Q by showing that 6 must be an element of r(2). For this reduction, 
note that the puncture class [j8,] ^ can be specified as the one containing elements b such that, for some 
integer m, we have b"^ ^ Ai_£ but b"^P' € Ai,^. Again, this holds with Ai ^ replaced by r]^^^ijr], which 
means that the action of d preserves not only [(x\mh but the other three puncture classes [j8i];ri4, [j82]:i:i4, and 
[j83];ri4 as well. Thus, Q must reside in r(2). 

In total, we have shown for a co-finite set of primes I that ^ holds. As in Lemmas 12.21 and 12.31 we are 
implicitly embedding r(2) in PMod(5i,4) in order to make r(2) preserve [o;];i:i 4, and more generally to act 
unambiguously on tti 4-conjugacy classes. 

We are now ready to show that for sufficiently large primes £ that 

Stabr(2)([Ai,£];r,,J =A. 

As (O also holds, this equality suffices for proving Theorem II. 21 To this end, let d be an element of r(2) 
preserving [Ai ^];;:,^. By Lemma l2.3[ 

if and only if d is an element of A. Since conjugation by r(2) permutes the [a,], we have 

for some 7 G {1, . . . ,/:}. We already know that Q preserves [Ai f];t, ^; we now investigate when Ai_^ and Ay ^ 
can be conjugate in tti 4. For this investigation, let T] be an element of tti 4 such that 

rj^iAi.^T] =^jI■ 

According to this equality. Ay f is a normal subgroup of A' and of T]^'A't], with elementary abelian ^-group 
quotient. Thus, the chain of inclusions 

^jJ < t]"^a't] nA' < A' 

shows that [A' : t]"'A'77 n A'] is a power of i. On the other hand, there are only finitely many subgroups of 
TTi 4 conjugate to A'. Consequently, we can choose i to be relatively prime to [A' : rj^^A'rj n A'] for every rj 
in 711,4. Having done so, we have forced the equality 

tj^^A't] = A'. 

The self-normaUzation of A' in tti 4 mandates that rj be an element of A'. Given this containment, <^ implies 
that A\^( and Ayj are conjugate as subgroups of A'. Thus, Ai,£ and Ayj must have identical projections to 
H^{A',Z). Since the subgroups Ai, . . . ,Ak of H\A',Z) are all distinct, j = I and so 6 is an element of A. 
We have thus shown that ^ holds for all but finitely many primes £. Choosing such an £, we now see by 
© that 

StabMod(Su)([^i/]?tu) ='^> 
and so A is a Veech group, as advertised. □ 
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